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We consider random transverse-field Ising spin chains and study the magnetization and the energy-
density profiles by numerically exact calculations in rather large finite systems (L ≤ 128). Using
different boundary conditions (free, fixed and mixed) the numerical data collapse to scaling functions,
which are very accurately described by simple analytic expressions. The average magnetization
profiles satisfy the Fisher-de Gennes scaling conjecture and the corresponding scaling functions are
indistinguishable from those predicted by conformal invariance.
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Every experimental system is geometrically con-
strained and therefore has a surface, for which reason
we have to discriminate between so called bulk and sur-
face properties. This is justified as long as the correlation
length is much smaller than the system size. However, at
a critical point it is more appropriate to describe the posi-
tion dependent physical properties of the system by den-
sity profiles rather than bulk and/or surface observables.
For a number of universality classes much is known about
this spatially inhomogeneous behavior1, in particular in
two dimensions, where conformal invariance provides a
powerful tool to study various geometries2.
Not much is known about this issue for quantum sys-
tems with quenched (i.e. time independent) disorder.
Here one is confronted with a possible quantum phase
transition, i.e. a zero temperature transition that is trig-
gered by quantum rather than thermal fluctuations, as
for instance in random transverse Ising models3–5. Their
bulk properties have been studied quite extensively by
now. The aim of the present letter is to investigate for
the first time the above mentioned density profiles in a
geometrically constrained disordered system at a quan-
tum phase transition. In particular we study numerically
the random transverse field Ising chain and propose ana-
lytic expressions of the magnetization and energy density
profile for various boundary conditions (b.c.).
In a critical system confined between two parallel
plates, which are a large but finite distance L apart, the
local densities 〈Φ(r)〉 such as the order parameter (mag-
netization) or the energy density vary with the distance
l from one of the plates as a smooth function of l/L. Ac-
cording to the scaling theory by Fisher and de Gennes6:
〈Φ(l)〉ab = L−xΦFab(l/L) , (1)
where xΦ is the scaling dimension of the operator Φ, while
ab denotes the boundary conditions at the two plates.
The scaling function in (1) has the asymptotic behavior:
Fab(l/L) = A
[
1 +Bab
(
l
L
)d
+ . . .
]
l
L
≪ 1 . (2)
where the exponent in the first correction term was con-
firmed by different methods7–9. It has been shown by
Burkhardt and Xue10 and by Cardy9 that the Bab coeffi-
cients in (2) and the Aab finite size correction coefficients
of the free energy as AabL
−d+1 are related to each other:
their ratio is universal and independent of the form of
the b.c.
Having the same type of b.c. at both plates the pro-
file 〈Φ(l)〉aa = L−xΦfaa(l/L) is reflection symmetric
faa(v) = faa(1 − v) and according to eqs.(1) and (2)
limv→0 faa(v) ∼ v−xΦ . Consequently [faa(v)]−1/xΦ can
be expanded in a Fourier series11 and the profile is given
by:
〈Φ(l)〉aa = L−xΦ
[
∞∑
k=1
Ak sin
kπl
L
]
−xΦ
(3)
The Fourier expansion in (3) has different convergence
properties in two- and three-dimensions due to the differ-
ent parity of the correction term in (2). While in three-
dimensions infinite terms are needed to reproduce the
Fisher- de Gennes scaling result in (2), in two-dimensions
one expect to obtain satisfactory accuracy by the first few
terms of the expansion. Indeed for conformally invariant
two-dimensional models only the first term in the Fourier
series in (3) gives non-vanishing contribution8:
〈Φ(l)〉aa = A
[
L
π
sinπ
l
L
]
−xΦ
(4)
Conformal invariance can be used further to predict the
density profiles with general b.c. In two-dimensions the
profiles are in the form10
〈Φ(l)〉ab =
[
L
π
sinπ
l
L
]
−xΦ
Gab
(
l
L
)
(5)
where the scaling function Gab(l/L) depends on the uni-
versality class of the model and on the type of the b.c.
1
For the Ising model the magnetization profile with free-
fixed boundary condition the scaling function is predicted
as10:
Gf+ = B
[
sin
πl
2L
]xs
m
(6)
where xsm = 1/2 is the scaling dimension of the surface
magnetization operator. Similar result is obtained for the
Q ≤ 4 state Potts model10 with the appropriate surface
scaling dimension in (6).
In the present Letter we consider the random trans-
verse filed Ising chain
Hˆ = −
∑
l
Jlσ
x
l σ
x
l+1 −
∑
l
hlσ
z
l , (7)
Here the Jl exchange couplings and the hl transverse-
fields are independent random variables with distribu-
tions π(J) and ρ(h), respectively and the σxl , σ
z
l are
Pauli matrices at site l. This Hamiltonian is the extreme
anisotropic limit12 of the layered two-dimensional Ising
model as introduced by McCoy and Wu13,14.
The critical behavior of the random transverse-
field Ising spin chain in (7) has been investigated
analytically14,15,3 and numerically16,17 in several papers.
Depending on the strength of the average value of the
transverse-field the system has two phases, which are
separated by a second order phase transition point lo-
cated at15 δ = ln J − lnh = 0. Due to a broad dis-
tribution of various physical quantities the typical and
average quantities of the system are generally different.
The scaling dimensions of the averagedmagnetization are
xm = (3−
√
5)/4 ≈ 0.1913 and xsm = 1/214. The model is
anisotropic at the critical point, the dynamical exponent
is z = ∞. More precisely the characteristic length scale
ξ and the corresponding time scale t are related through:
ln t ∼
√
ξ (8)
thus the model is not conformally invariant and predic-
tions in eqs. (4-6) are not expected to be valid.
In the following we briefly describe how the den-
sity profiles were calculated. The local magnetiza-
tion ml is obtained from the asymptotic behavior of
the (imaginary) time-time correlation function Gl(τ) =
〈σxl (τ)σxl (0)〉 =
∑
i |〈i|σxl |0〉|2 exp[−τ(Ei − E0)] where〈0| and 〈i| denote the ground state and the i-th excited
state with energies E0 and Ei, respectively. In the low
temperature (strong coupling) phase E1 is asymptotically
degenerate with the ground state, thus the sum is domi-
nated by the first term. In the large τ limit Gl(τ) = m
2
l ,
therefore the local magnetization is given by18
ml = 〈1|σxl |0〉 . (9)
The energy-density profile is given by the ground state
expectation value el = 〈0|σzl |0〉. Since el contains a non-
singular contribution the scaling behavior of the energy-
density is more convenient to deduce from the asymptotic
form of the connected time-time correlation function of
the energy-density operator σzl . Similarly to the order-
parameter the singular energy density ǫl is given by a
matrix-element:
ǫl = 〈ǫ|σzl |0〉 , (10)
where 〈ǫ| denotes the first excited state, which has non-
vanishing matrix-element with the ground state.
To calculate the matrix-elements in eqs. (9) and (10)
we first, following Lieb et al19 and Pfeuty20, transform
Hˆ into a free-fermion model. For the fixed and free b.c.
we study in this letter we found it most convenient to
choose the representation described in21, which necessi-
tates only the diagonalization of an 2L× 2L-tridiagonal
matrix. From the corresponding eigenvectors one obtains
the local magnetization (9) and local energy density (10)
as described in22.
The critical properties of random Ising chains are ex-
pected to be independent of the details of the distribu-
tions of the couplings and/or fields. In this Letter we
consider two different cases: the binary distribution
π(J) =
1
2
δ(J − λ) + 1
2
δ(J − λ−1) ; h = h0 , (11)
i.e. ρ(h) = δ(h− h0), and the uniform distribution:
π(J) = θ(1 − J)θ(J) ; ρ(h) = θ(h0 − h)θ(h) (12)
In both cases the critical point is at h0 = 1. All numerical
data which we present below are averaged over 50,000
samples and the resulting statistical error is much smaller
than the size of the symbols used in the plots. Disorder-
averaged quantities are denoted by the brackets [. . .]av.
First we study the magnetization profile of the system
with fixed b.c. at both ends of the chain. The finite size
results on the pure model, which are shown in the inset
of Fig. 1 are in complete agreement with the conformal
prediction in (4). The profile for the random chain is
shown in Fig. 1. From the scaling plot one can see that
the Fisher-de Gennes scaling result in (1) is well satisfied
with the conjectured value of the decay exponent xm =
β/ν = .191. Note that we do not use xm (as well as later
xsm) as fit paramters but fix them to the theoretically
predicted values cited above. The only fit parameter is
the non-universal prefactor A in (4). Obviously, one can
very accurately describe the finite-size data in the whole
profile with the first term of the Fourier expansion in (3).
The corrections to the conformal result in (4) are indeed
negligible.
Next we turn to study the magnetization profiles with
free-fixed b.c. As seen on the inset of Fig. 2 the finite-
lattice results on the pure model perfectly coincide with
the conformal prediction in (6). Results for random mod-
els are shown in Fig. 2. As one can see the numerical data
collapse to a scaling function, which can be very accu-
rately described by a function of the form in (6) with the
exponents: xm = .191 and x
s
m = β
s/ν = 1/2 (again the
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FIG. 1. Scaling plot of the magnetization profilemL(l) (9)
with fixed b.c. at both ends. We have shifted the site index by
half a lattice constant and denote l′ = l − 0.5. The pure case
is depicted in the inset, for which the scaling function is given
by (5) with xpurem = 1/8 and G++ = const. The main figure
shows the result for the binary distribution (11) with λ = 4.
Other values of λ as well as the uniform distribution yield the
same quality for the data collapse, with different values for
the non-universal prefactors but identical scaling function (5)
with xrandomm = β/ν ≈ 0.191 and G++ = const.
only fit-parameter is the non-universal prefactor A · B
from (4-5). According to Fig. 2 the corrections to the
conformal result seem here also to be negligible.
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FIG. 2. The same as in fig. 1 with fixed b.c. on the right
end of the chain and free b.c. on the left end. The magnetiza-
tion profile is given by (5) and (6) with xsm = 1/2 for the pure
and the random case. The data shown in the main figure are
for the uniform distribution (12).
Due to symmetry the magnetization in a finite system
with free (non-symmetry breaking) b.c. is zero. However,
introducing an infinitesimal symmetry breaking field h,
one can obtain the magnetization by Yang’s method23
with the identical result as in (9). Then, as h → 0 the
matrix-element in (9) can be considered to define the
local magnetization in a finite system in a time scale
τ ≪ t, where t is the relaxation time. The profile of
the matrix-element in (9) can be predicted by conformal
invariance24. For a general local operator Φˆ(l) the scaling
form in the strip geometry is given by24:
〈0|Φˆ(l)|Φ〉 ∝
(π
L
)xΦ (
sinπ
l
L
)xs
Φ
−xΦ
(13)
where xsΦ denotes the surface scaling dimension of
Φˆ. This expression satisfies the known scaling limits
〈0|Φˆ(1)|Φ〉 ∼ L−xsΦ and 〈0|Φˆ(L/2)|Φ〉 ∼ L−xΦ at the sur-
face and in the bulk, respectively. For non-conformally
invariant systems (13) represents the first leading term
of a Fourier-expansion, as in (3) and (4).
0
0.2
0.4
0.6
0.8
1
1.2
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
L0
.1
91
 
[ m
L(l
) ]
av
l’ / L
L = 8
L = 16
L = 32
L = 64
1.09*sin(pix)0.5-0.191
0
0.2
0.4
0.6
0.8
1
0 0.2 0.4 0.6 0.8 1
L1
/8
 
*
 m
L(l
)
l’ / L
L =   8
L =  16
L =  32
L =  64
L = 128
L = 256
1.01*sin(pix)3/8
FIG. 3. The same as in fig. 1-2 with free b.c. on both ends
of the chain. The data for the random case are for a binary
distribution with λ = 2. The magnetization profile is given by
(13). The data shown in the main figure are for the uniform
distribution (12).
Numerical results on the magnetization profiles with
free boundary conditions are shown on Fig. 3. Again the
finite-size results on the pure Ising model are in complete
coincidence with the conformal prediction in (13). For
the random case the numerical data collapse to a scaling
curve, which is very accurately described by the confor-
mal expression in (13) with the exponents xm = .191 and
xsm = 1/2. Thus again the non-conformal corrections are
very small.
Finally, we discuss the singular part of the energy den-
sity profile and study the energy density matrix-element
in (10). For the pure model one can easily evaluate ǫ(l),
which yields in the scaling limit (l ≫ 1, L≫ 1):
ǫ(l) =
2
L
sinπ
l
L
(14)
This corresponds to the conformal result in eq(13) with
xe = 1 and x
s
e = 2.
In a quantum system the bulk energy-density is pro-
portional to the inverse relaxation time: ǫ ∼ t−1. In
the random transverse Ising chain the scaling is anoma-
lous as indicated in (8), therefore the appropriate scaling
3
combination is L−1/2 ln ǫ(l) instead of Lǫ(l)1/z if z would
be finite. In the following we study the typical energy
density [ln ǫ(l)]
av
, which after multiplication with L−1/2
yields a universal scaling function. The finite size data
for the random case very well satisfy the relation:
[ln ǫ(l)]av L
1/2 = A0 +A1
(
L
π
sinπ
l
L
)1/2
(15)
We note that this expression can also be considered as the
leading part of a Fourier expansion, where the correction
terms are again very small.
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FIG. 4. The energy profile ǫL(l) (10) with free b.c. on both
sides. The pure case is depicted in the inset, for which the
scaling function is given by (14). The main figure shows the
result for the binary distribution (11) with λ = 4. Here the
scaling function is well described by (15). We note that the
approach to the asymptotic scaling limit seems to be much
slower than for the magnetization profiles.
To summarize we have investigated the density profiles
of random transverse-field Ising spin chains. The numer-
ical data on rather large systems L ≤ 128 follow scaling
plots and the scaling functions can be described very ac-
curately by analytical expressions, which are derived for
conformally invariant systems. Since our system is not
conformally invariant there are presumably corrections.
These are, however, very small, certainly smaller than
the error in our present numerical calculation.
Generally the non-conformal corrections to the den-
sity profiles are not small. As an example we mention
the two-dimensional aperiodically layered Ising model25,
which is somewhat related to our problem. When the
aperiodically modulated couplings of the model repre-
sent a marginal perturbation the system is described by
a coupling dependent dynamical exponent z > 121, thus
the system is not conformally invariant. Although the
aperiodic model looks similarly to our random problem
its density profiles are completely different from the con-
formal results22. One could speculate about the existence
of some hidden symmetry which explains the coincidence
of the density profiles of the random transverse-field Ising
chain with the conformal result.
Acknowledgment: This study was partially performed
during our visits in Ju¨lich and Budapest, respectively.
This work has been supported by the Hungarian Na-
tional Research Fund under grants No OTKA TO12830
and OTKA TO17485. F. I. is indebted to L. Turban
for exchanging ideas about the subject. H. R.’s work
was supported by the Deutsche Forschungsgemeinschaft
(DFG).
1 For a review see e.g. H. W. Diehl, Phase transitions and
critical phenomena 10, p. 75, ed.: C. Domb and J. L.
Lebowitz (Academic Press, London, 1986).
2 F. Iglo´i, I. Peschel and L. Turban, Adv. Phys. 42, 683
(1993).
3 D.S. Fisher, Phys. Rev. Lett. 69, 534 (1992); Phys. Rev. B
51, 6411 (1995).
4 H. Rieger and A. P. Young, Phys. Rev. Lett. 72, 4141
(1994); M. Guo, R. N. Bhatt and D. A. Huse, Phys. Rev.
Lett. 72, 4137 (1994).
5 H. Rieger and A. P. Young, Phys. Rev. B 54, 3328 (1996);
M. Guo, R. N. Bhatt and D. A. Huse, Phys. Rev. B 54,
3336 (1996).
6 M.E. Fisher and P.-G. De Gennes, C.R. Acad. Sc. Paris B
287, 207 (1978).
7 H. Au-Yang and M.E. Fisher, Phys. Rev. B 21, 3956
(1980); J. Rudnik and D. Jasnow, Phys. Rev. Lett. 49,
1595 (1982).
8 T.W. Burkhardt and E. Eisenriegler, J. Phys. A 18, L83
(1985).
9 J.L. Cardy, Phys. Rev. Lett. 65, 1443 (1990).
10 T.W. Burkhardt and T. Xue, Phys. Rev. Lett. 66, 895
(1991).
11 This possibility was noted us by L. Turban (unpublished)
12 J. Kogut, Rev. Mod. Phys. 51, 659 (1979).
13 B.M. McCoy and T.T. Wu, Phys. Rev. 176, 631 (1968);
188, 982(1969).
14 B.M. McCoy, Phys. Rev. 188, 1014 (1969).
15 R. Shankar and G. Murthy, Phys. Rev. B 36, 536 (1987).
16 A. Crisanti and H. Rieger, J. Stat. Phys. 77, 1087 (1994).
17 A.P. Young and H. Rieger, Phys. Rev. B 53, 8486 (1996).
18 The fixed b.c. situation is formally treated by taking h1
and/or hL equal to zero. Then the ground state is degen-
erate and eq. (9) gives the ground state expectation value
of the magnetization.
19 E. Lieb, T. Schultz and D. Mattis, Ann. Phys. (N.Y.) 16,
407 (1961).
20 P. Pfeuty, Ann. Phys. (Paris) 57, 79 (1970).
21 F. Iglo´i and L. Turban, Phys. Rev. Lett. 77, 1206 (1996).
22 P.-E. Berche, B. Berche and L. Turban, J. Physique I 6,
621 (1996).
23 C.N. Yang, Phys. Rev. 85, 808 (1952).
24 L. Turban and F. Iglo´i (unpublished).
25 F. Iglo´i and P. Lajko´, J. Phys. A 29, 4803 (1996).
4
